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1 Introduction

With the increasing availability of data and the considerable advances in computing power, machine
learning models have become more sophisticated and can now handle complex tasks with high
accuracy in various fields, including medical diagnosis, image recognition, and recommendation
systems [48]. Among machine learning models, classifiers aim to predict the class label of a given
input instance. Traditionally, the output of these models consists of a single class, corresponding to
a precise guess for the actual label of the instance being processed. However, in some situations,
the user may desire to control the risk of making errors by producing a set of possible classes
for a given input instance, rather than a precise assessment. Models providing such imprecise
(set-valued) outputs are called cautious classifiers [43].

Allowing for such indeterminate predictions, consisting of more than one class label, seems
especially valuable in cases where the cost of erroneous predictions may be high: among the
high-stakes applications, one may cite the fields of medical diagnosis or fraud detection [1, 2, 57].
A cautious classifier can arguably help users to minimize the occurrence of errors (false positives
and false negatives in binary classification), for instance, when training data are scarce or pervaded
with noise.

This article focuses on the binary classification case, using a set-valued classification model
known as the Cautious Random Forest (CRF) [58, 60, 61]. A CRF generalizes the classical random
forest classifier by leveraging the imprecise Dirichlet model [6, 55] in the theoretical framework of
belief functions [18, 49]. Its main advantage is its ability to make indeterminate predictions in the
presence of either epistemic uncertainty (when the tree outputs are based on scarce information)
or aleatoric uncertainty (when the classes present are mixed and therefore the tree outputs are
conflicting, which typically happens near the decision boundaries).

Obviously, making imprecise predictions carries a cost, since resolving the indeterminacy typi-
cally requires further analysis, typically via the intervention of a human expert [59]. Therefore,
it appears highly desirable to be able to provide such an expert with explanations about why a
prediction is indeterminate and what could be done to turn it into a determinate one. Such questions
fall under the scope of explainable machine learning, which aims at a better understanding of
machine learning models and their outputs, so as to improve their transparency and thereby the
trust of the users [3, 5, 40].

In this article, we propose to use the concept of counterfactual examples to “explain” indetermi-
nate predictions made by a CRF model. Such examples are a kind of contrastive explanation, which
allows one to identify the minimal modifications of some feature values to resolve the indetermi-
nacy and thus obtain a desired determinate prediction. We focus here on synthetic counterfactual
examples, i.e., which are generated according to the data distribution so as to convey information
on the prediction made for an instance of interest. We stress that generating such counterfactual
examples amounts to solving a difficult optimization problem: counterfactual examples should
indeed be close to the instance of interest, but at the same time “in-distribution” (i.e., they should
not be outliers), and the associated model output should be determinate.

Our main contribution is an efficient algorithm to generate counterfactual examples, specifically
designed for CRFs. This algorithm relies on a branch-and-bound procedure initially introduced in
[8], to which several significant improvements are brought. Notably,

—we propose a simple decomposition of the feature space into small decision regions;

—we introduce a filtering step to narrow the search region of counterfactual examples;

—we show how constraints on features can be taken into account so as to ensure the actionability
of the generated counterfactual examples;
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—we integrate a plausibility metric in the selection step, so as to make the generated counter-
factuals as realistic as possible;

—we investigate how global and local feature importance can be leveraged to accelerate the
counterfactual example generation process, and thereby lead to a more efficient and transpar-
ent resolution of indeterminacy.

The article is organized as follows. Section 2 recalls basic material on CRFs (Section 2.1) and gives
a brief overview of explainable machine learning (Section 2.2). Section 3 focuses on counterfactual
examples: after recalling the notion and mentioning desirable properties (Sections 3.1 and 3.2), it
discusses how it can be used in the context of indeterminate predictions (Section 3.3). We present
our first contribution, an efficient counterfactual example generation method in Section 4. The use
of feature importance metrics to accelerate the counterfactual generation process, which constitutes
our second contribution, is investigated in Section 5. Section 6 presents and discusses the results of
our experimental study, which compares our approach to four other state-of-the-art counterfactual
generation strategies on several binary datasets from the literature, demonstrating its efficiency
and effectiveness. Finally, a conclusion is drawn in Section 7.

2 Background Knowledge
2.1 CRFs

We focus on binary classification problems: we denote by Y = {c1,c2} the set of classes. Let
h={hs; t =1,...,T} be a random forest composed of T decision trees, obtained from a training
set {(x1,41), .., (xn, yn)}. Each observation x € X is assumed to be the realization of a random
vector X = (Xj,...,Xy) composed of M random variables. From now on, we will refer to the
decision made by tree h; as h;(x) € Y, and to the associated posterior probability distribution
estimate as p,(x) € A? (with A? the two-dimensional simplex): p;(x) = (pr(x), pr2(x)), with
prj(x) = ﬁ(cjlx), for j =1,2.

For any input instance x € X, let us denote by n,;;(x) the number of training samples of class c;
falling into the same leaf 7,; as x for tree h;. According to the imprecise Dirichlet model [6, 55], the
interval estimates for the class posterior probabilities p;;;(x) are defined by:

nyi(x)  ngi(x) +s
Ni(x) +s" Ny(x)+s |

[p)etj () = |p,,, (¥). Py (x)| = [ (M)

where Nyj(x) = ngy(x) + nyz(x) is the total number of instances in that leaf, and parameter s
controls the size of the intervals and thus the imprecision of the model. Note that s can be interpreted
as the number of virtual samples falling in the leaf and whose actual class is unknown. The choice
of an appropriate value for the parameter s remains an open issue; yet it is often recommended to
pick a value s =1 or s = 2 [55].

In [58, 60], a strategy rooted in the theory of belief functions is proposed to aggregate the
imprecise outputs (probability intervals) provided by these trees. The theory of belief functions, also
referred to as the theory of evidence or the Dempster—Shafer theory [18, 49], provides a general
framework for modeling and reasoning with uncertainty. When processing a given instance x, each
interval [p],;;' provided by the tree h; can be regarded as a focal element associated with a mass m,
on the interval [0, 1]. Then, the belief bel; (x) and plausibility pl; (x) of the event Pr(c; | x) € [0.5,1]
are calculated, which quantifies the available evidence regarding the proposition that instance x

INote that we drop the leaf index, as it does not matter in the decision-making process.
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belongs to ¢; —note that, by duality, we have bel,(x) = 1—pl;(x) and ply(x) = 1—Dbel;(x). We have:

T
beli(x) := Bel(Pr(er | x) € [05,1)) = > my=) ml(p (x)205),  (2a)

t:[pls1C[0.5,1] t=1

T
pli(x) :== PI(Pr(cq | x) €]0.5,1]) = Z m; = Z m1(p,,(x) > 0.5), (2b)
t:[p]a1N]0.5,1]#0 t=1

where 1(+) is the indicator function. The mass degree m; is the degree of support to class ¢; derived
from the set of intervals [p],; it can also be seen as the weight of tree h; in the ensemble—a typical
weight value being m; = 1/T. Alternatively, tree weights may be determined so as to optimize a
criterion: a cost function that takes both determinacy and accuracy into account is proposed to
determine tree weights in [60]. Due to these weights, the imprecise tree aggregation strategy can
be seen as a generalized voting approach.

Given an interval [bel; (x), pl;(x)],% a decision, hereafter written h(x), can be made by applying
the interval dominance principle:

{c1} if bel;(x) > 0.5,
h(x) = {Cz} 1fpll(x) < 0.5; (3)
{c1,c2} otherwise.

We can see that the decision is indeterminate whenever 0.5 € [bel;(x), pl;(x)]. This robust decision-
making scheme based on random forests amounts to reaching a compromise between accuracy
and cautiousness (avoidance of errors); notably when data are pervaded with noise [60].

2.2 Explanations in Artificial Intelligence

Artificial intelligence models, especially those based on statistical learning algorithms, are nowadays
widely deployed in many application fields. Models exhibit significant performance due to their
complex algorithmic design and their use of massive training data.

However, assessing the quality of predictive models solely on their accuracy may lead to ne-
glecting important aspects tied to their use. Notably, decision-making processes often need to be
explained [19]. This is particularly important in fields such as criminal justice, where providing
evidence supporting the guilt or innocence of an individual is arguably essential to affect the court
judgment; or in medical diagnosis, where providing a basis for the diagnosis is a key factor in
choosing a treatment [39].

Therefore, the field known as eXplainable Artificial Intelligence (XAI) has emerged, which
aims at making artificial intelligence models, and especially those inferred via machine learning,
more transparent, interpretable, and understandable to human users [36].

2.2.1 Taxonomy of Methods. The categorization of XAl methods is subjective and largely depends
on the criteria used, as outlined in [40]. We can nevertheless point out three main kinds of taxonomy.

Intrinsic vs. Post-Hoc Approaches. Intrinsic explainable models are designed to be inherently
interpretable, which means that their internal mechanisms can be easily understood by a human.
These models, such as linear regression, logistic regression, and (shallow) decision trees, can be
analyzed to provide transparent explanations of how a specific decision or prediction was reached.
Post-hoc explanation methods, on the other hand, are used to provide explanations for machine

By duality, the interval [bel,(x), plo(x)] can be deduced from [bel; (x), ply (x)].
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learning models referred to as black-box models. These latter studies analyze the input and output
behavior of the model after training and somehow try to infer the decision-making process.

Model-Agnostic vs. Model-Specific Approaches. Explanation methods designed to provide insights
into a particular model are referred to as model-specific; intrinsic explanation methods, as discussed
above, are examples of model-specific methods, since they are tailored to the unique structure and
properties of the model under consideration. In contrast, model-agnostic explanation methods,
which generally examine the association between input features and output predictions but do not
have access to the internal workings of the model, can in principle be applied to any model.

Global vs. Local Approaches. Global model explainability refers to the ability to explain the overall
behavior of a model. This typically involves understanding the key factors or features based on
which decisions are made. Global explanations provide a high-level understanding of the model
decision-making process, but they do not necessarily give insights into the specific reasons why a
particular prediction was made for a given input. For example, the so-called important features in a
model (see below) are a kind of global explanation. Local model explainability, on the other hand,
focuses on explaining model outputs for specific instances. This type of explanation is advantageous
when the prediction of the model differs from what a human user would expect—such as, e.g.,
identifying the features that led to making a specific decision rather than a given alternative one.
Local explanations can help to identify the specific factors that are driving the prediction for a
particular input, which can also be helpful in identifying errors or biases in the model.

2.2.2  Types of Explanations. Apart from the above general characteristics, the nature of expla-
nations can vary from one method to another. In this article, we focus on two particular kinds
of explanations. For other types of explanations, such as model internals, proxy models, saliency
maps, and concept-based explanations, we refer the reader to the well-known book of Molnar [40]
and the survey papers such as [5, 44, 52].

Feature importance. One of the most commonly used explanation strategies, feature importance,
amounts to assigning each feature of the input space a measure of its contribution to the model
predictions. For inherently explainable models, such as linear regression and logistic regression,
the learned weights can be seen as direct measures of feature importance. For tree-based models,
a feature importance metric can be computed as the normalized total reduction of an impurity
measure (such as the Gini index) [9]. For post-hoc explanation methods, the Permutation Feature
Importance (PFI), which can be seen as obtained via sensitivity analysis, evaluates the importance
of a feature via the difference between the baseline performance metric (often the accuracy) and
the one obtained from the same dataset with one column permuted [9, 21].

At the local explanation level, Local Interpretable Model-agnostic Explanations (LIME)
[46] and SHapley Additive exPlanations (SHAP) [38] are two other popular feature importance
evaluation methods for single query instances. LIME learns a sparse linear model based on instances
sampled around the query instance to approximate the local classification boundary and uses
the learned weights as feature importance. SHAP is based on the coalition game theory and
relates the feature importance to the feature contribution to the predictions. Beyond assessing
the importance of each feature specifically, taking into account interactions between features
may be critical, as the influence of features on model outputs is generally not independent due to
these interactions.

Example-Based Explanations. Following the philosophy of “similar questions, similar answers,”
prototypes can be used as a global model-agnostic explanation method: using this strategy, the
entire dataset is summarized by a small number of representative samples selected, or com-
puted, from the training data [16, 30, 51]. For a given query sample, the nearest prototype is
used as the explanation. Akin to prototypes, influential instances, whose deletion would have a
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significant impact on the model outputs, can be identified by deletion diagnosis [14] and influence
functions [31].

A prominent example of local example-based explanation is that of counterfactual example.
A counterfactual example makes it possible to identify the minimum changes that should be applied
to the feature values of a given input instance to alter the associated model output into a desired
one [54]. A large number of counterfactual example generation methods can be found in the
survey of Guidotti [24], which can either be model-specific or model-agnostic. We note here that
counterfactual examples can be related to adversarial instances, which are generated so as to trick
the model into making erroneous decisions [7]. Adversarial instances can therefore be leveraged so
as to make the model more robust.

3 Counterfactual Explanations for Indeterminate Predictions

Indeterminate predictions provided by a cautious classifier, such as the CRF considered here,
allow users to avoid making erroneous decisions. However, indeterminacy must be resolved so
that a precise (determinate) and right decision is made. In real-world applications, leaving the
entire responsibility of resolving this indeterminacy to experts of the field would result in a very
demanding decision process. Therefore, for each instance with an indeterminate prediction, we
propose to provide counterfactual examples associated with each class, so that users can know how
indeterminacy can be resolved by minimally modifying the feature values.

3.1 Counterfactual Explanations for Classical Predictions

We recall that a counterfactual explanation for a prediction characterizes the smallest changes
(modifications) to the feature values which turn the prediction into a desired one—in our case, into
a predefined class [40]. The examples, thus, obtained by modifying the original instance are called
counterfactual examples. Formally, for a given classifier A, an instance x and a desired prediction
y’ # h(x), the counterfactual example x” € X is defined as:

x’ =argmind(x, z), s.t. h(z) = v/, 4)
zeX

where d(-) is a dissimilarity measure. It is recommended in [54] to use the Manhattan distance
weighted with the inverse Median Absolute Deviation (MAD):

M

d(x,2) = LI (x,2) = )

J=1

xi—z;
|f—f|, (5)
MAD;
where x; stands for the value of x as per feature X, and where the MAD is calculated on the
training set as:

)- (6)

This normalized distance captures scale differences among features and is robust to outliers. Due to
the properties of the L; norm, the method produces sparse counterfactual examples, i.e., with a
small number of modified features with respect to the queried instance. Alternatively, the squared
Euclidean distance weighted by the inverse Standard Deviation (STD) can be used:

MAD; = Median (
ie{1,.,N}

Xij — llé/l{fliﬂifs}vn}(xlj)

M
(xj —Zj)2

d(x,z) = L'*(x,2) = D
J

(7)

Jj=1
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Note that the squared Euclidean distance can also be weighted by the inverse variance, which
downscales the influence of features with high variability in a more significant way. In this article,
we follow the definition in [54], using the inverse STD as the normalization factor.

3.2 Desirable Properties of Counterfactual Examples

Local explanations are by nature context-dependent and subjective; this makes it difficult to
characterize what determines a “good” explanation. We nevertheless mention several desirable
properties in the specific case of counterfactual explanations, the importance of which depends on
the context in which such explanations are provided.

— Validity. A counterfactual example is said to be valid if its associated model output meets the
requirements of the user, i.e., it corresponds to the desired class that is different from that of
the query instance.

— Proximity. A counterfactual example x’ for a query instance x should be as close as possible
to the latter, according to the chosen dissimilarity measure. Note that proximity may be
antagonistic to the plausibility criterion mentioned below.

— Sparsity. Counterfactual examples obtained by modifying only a small number of feature
values can arguably be translated more easily into understandable explanations. A natural
and efficient way of measuring sparsity consists in counting the number of differences across
features between x and x’.

— Plausibility. A counterfactual example is said to be plausible if its feature values are consistent
with those observed in the training set. In other words, the counterfactual example should be
in-distribution, i.e., situated in a high-density region of the input space.

— Actionability. Depending on the application, some features may be considered as immutable,
i.e., impossible to modify for example, the case of race, gender, or age. Others can be considered
as mutable under some constraints, for instance, in one direction only (monotonicity). To be
actionable, a counterfactual example should result from the modification of mutable features
under the possible existing constraints.

— Diversity. Producing several diverse counterfactual examples rather than a single one is likely
to lead to more meaningful explanations, suitable for a higher number of users, or likely to be
accepted by a given user.

3.3 Counterfactual Examples for Indeterminate Binary Predictions

We consider a binary cautious classification setting with ' = {¢, ¢;}. We propose a natural way
to generalize the notion of counterfactual example: we define, for a given instance x such that
h(x) = {c1, c2} (indeterminate), two counterfactual examples x° and x°2 such that:

x° = arg mi)r(l d(x,z) st. h(z) = {c1}, (8a)
zE

x° = arg mi;(l d(x,z) s.t. h(z) = {co}, (8b)
zZE

where the dissimilarity measure d(-) can be defined by Equation (5) or Equation (7). These coun-
terfactual examples provide meaningful information to a user, as they can help determining the
minimal modifications needed to obtain a desired precise (determinate) prediction; they make it
possible to identify the closest class to an indeterminate instance, and they facilitate understanding
the differences between the two classes.

Example 3.1 (Counterfactual Examples for Indeterminate Predictions). We provide here an example
to illustrate the concept of counterfactual examples for indeterminate predictions. This example is
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#change=13 Counterfactual of 4 Indeterminate sample Counterfactual of 9 #change=32

#change=45 Counterfactual of 4 Indeterminate sample Counterfactual of 9 #change=47

Fig. 1. Examples of indeterminate numbers (center) and corresponding counterfactual examples of class 4
(left) and 9 (right). Left- and right-most images display pixels to be added (green) and to be deleted (blue) in
order to obtain the determinate predictions. Figures come from [59].

based on the MNIST dataset, a database of images of handwritten numbers containing about 60,000
training cases and 10,000 test cases.

Samples corresponding to classes “4” and “9” were selected so as to construct a binary classification
problem. In the resulting dataset, some of the pictures are ambiguous: it is difficult to safely establish
whether the number is a “4” or a “9” Generating counterfactual examples for such an ambiguous
query instance is used to identify which parts of the image are responsible for the indeterminacy of
the decision. Figure 1 illustrates this point for two indeterminate instances (in the center), displaying
how they can be modified to reach both possible determinate decisions (i.e., either a “4” or a “9”).

The number of pixels to be modified to transform the query instance into a counterfactual
example can be seen as a similarity measure to this latter—and hence to its class: for example,
in Figure 1, the first instance is clearly closer to a “4” than to a “9.” Additionally, comparing the
generated counterfactual instances provides some insights regarding the differences between the
classes—in the present case, the presence of a circular shape hints at the number being a “9,” and
the presence of a horizontal bar protruding to the right suggests a “4” [ ]

We close this section with a short discussion on the multi-class setting, i.e., |Y| > 2. Given a
query instance with an indeterminate prediction, our approach can be extended in several ways.
If the goal is to generate counterfactual examples for which the model issues precise predictions,
then extending our method is straightforward: we may search for candidates in decision regions
that turn the decision into a precise one (i.e., a single class), regardless of the number of classes of
the problem. However, if we allow for generating counterfactuals associated with indeterminate
predictions—even if more precise than that for the query instance, the problem is arguably much
more complex. Let h(x) = A € Y be an indeterminate output for an instance x, and A’ € Y be the
desired (possibly indeterminate) prediction with A’ # A; then, we can generalize the problem as
follows:

x =argmind(x, z) s.t. h(z) = A/, 9)
zeX

where the dissimilarity measure is again defined as per Equation (5) or Equation (7). According
to possible additional constraints on A’ (e.g., |A’'| = 1, A’ C A, |A’| < |A|), depending on the
application, different kinds of explanations may be found. The interest of such counterfactual
examples with given set-valued predictions, and how they can be generated, appear to be an
interesting direction of research, which remains in the initial stages [22]. In this article, we focus on
generating counterfactual examples with determinate predictions, leaving set-valued counterfactual
explanations in a multi-class setting for further investigation.
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4 Counterfactual Generation for CRFs

Solving the counterfactual example generation problem defined in Equation (8) is complex. A
common approach is to minimize an objective function via a gradient-based optimization method.
Wachter et al. [54] proposed the following optimization problem:

x' =arg mi{r\} al(h(z),y’) +d(x,z), (10)

where £(+) is a loss function, and « determines the compromise between generating a valid
counterfactual example (ensured by minimizing the first term) close to the query instance (second
term).

As we already stressed, besides validity and proximity which appear in Equation (10), counterfac-
tual examples are often required to satisfy additional properties—sparsity, plausibility, actionability,
and diversity [13, 24, 53]. To this end, Dandl et al. [17] proposed to generate counterfactual exam-
ples by solving a multi-objective optimization problem. Laugel et al. [32] and Mothilal et al. [41]
enforced diversity by adding a specific term to Equation (10). However, for models such as those
based on trees, generating counterfactual explanations based on minimizing a loss function via
continuous optimization is difficult, since no gradient information can be leveraged.

In this case, model-agnostic counterfactual explanation methods can be used. A line of work at-
tempts to identify suitable counterfactuals directly from the observed data. This so-called Minimum
Observable (MO) principle has been extended in several directions. For example, Discovering
Counterfactual Explanations using Relevance Features from Neighborhoods (DisCERN)
[56] reduces the number of modified attributes by exploiting estimates of feature relevance. Another
representative method is LORE [25], which constructs a local neighborhood of synthetic instances
using an evolutionary algorithm and then fits a decision tree to approximate the model’s local
behavior. MACE [28] translates the forest into logical constraints and applies satisfiability modulo
theories to search for counterfactuals. Other model-agnostic frameworks explicitly search the input
space for counterfactuals: Growing Spheres [33] generates candidates by expanding hyperspheres
around the factual instance until an instance with the desired prediction is identified; the perfor-
mance of this approach suffers from the curse of dimensionality. While the original DiCE paper [41]
formulates the counterfactual generation problem under the assumption that the predictive model
is differentiable and static, subsequent implementations also provide non-gradient-based variants
(e.g., random or genetic search) that can be applied to tree models. However, these alternatives
tend to be computationally expensive, especially for high-dimensional data or large ensembles.

A number of methods have been specifically designed for random forests; they can be cate-
gorized as follows: (i) optimization formulations, (ii) simplification of the tree ensemble, and (iii)
feature-space partitioning. Optimization-based approaches such as OAE [15], DACE [27], and
OCEAN [42] encode counterfactual generation as integer or mixed-integer programs. FOCUS [37]
instead provides a smooth approximation of trees with differentiable operators, thereby enabling
gradient-driven search. Model simplification techniques replace the forest with a single surrogate
tree. For instance, FBT [47] constructs global proxy trees that approximate the random forest
on the whole input space—which may introduce a non-negligible mismatch with the original
ensemble. OCSE [20] instead performs a local conversion around the instance of interest, yielding
a tree that is locally exact and from which optimal counterfactual sets are extracted. While this
substantially reduces approximation error, the local fusion process can still be computationally
demanding, especially for large forests or points far from the decision boundaries. OFCC [58]
restricts modifications to the query instance to a single feature change, which limits its ability to
capture counterfactuals requiring coordinated multi-feature modifications. Live Region (LIRE)
[12] generates counterfactual examples in “live regions” that are intersections of leaves where
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Table 1. Taxonomy of Counterfactual Explanation Methods for Random Forests

Method Validity Proximity Plausibility Actionability Diversity Efficiency
Model-agnostic approaches
MO [ ] O 4 v ~ [ ]
DisCERN [56] [ ] J 4 X ~ [ ]
LORE [25] O] ) X X X O
MACE [28] [ ] ] 4 v v O
DiCE [41] ® ® X v v O
Growing Spheres [33] ] ] ~ X ~ ]
Tree-ensemble-specific approaches
OAE [15] [ ] ® X v v O
DACE [27] [ ] ] 4 v v O
OCEAN [42] [ ] ] 4 v ~ O
FOCUS [37] O] L X X X O
FBT [47] O] J X X X L
OCSE [20] ® ] X X v )
OFCC [59] [ ] J X X ~ [ ]
LIRE [12] [ ] J X X ~ [ ]
Ours [ ] ] v v ~ ®

@, high; D, medium; O, Low; v/, considered; ~, partially considered or easy to solve; X, not considered.

training samples fall. Our framework also belongs to this partition-based family, but searches for
counterfactual examples by performing a branch-and-bound search over decision regions, which
are defined as intersections of split intervals across all cautious trees.

As summarized in Table 1, most existing methods guarantee validity and often aim for proximity,
but they typically do not address plausibility, actionability, or efficiency in a satisfactory manner.
Our branch-and-bound framework stands out by jointly ensuring validity and proximity, while
explicitly incorporating plausibility and actionability constraints, and maintaining competitive
efficiency in the context of CRFs, as illustrated in Figure 2. This highlights the novelty and practical
relevance of our contribution compared to prior works.

In a nutshell, our approach consists of dividing the input space into what we will call “decision
regions,” in which all data points have the same model output; then, we use a branch-and-bound
strategy with a carefully designed search tree to find the closest counterfactual example satisfying
the desired properties for a given query instance. Although diversity is not the primary focus of
our framework, it can be naturally addressed within our branch-and-bound procedure. Indeed,
once the search space has been explored to identify one counterfactual solution, additional diverse
counterfactuals can be obtained at negligible extra cost by continuing the exploration and collecting
alternative feasible regions that satisfy the desired constraints. In this sense, our approach can
readily produce a set of diverse counterfactuals; however, optimizing the computation of this
set while satisfying the diversity requirement may require adapting the search, for instance by
modifying the order of features in the search tree once a new counterfactual is added to the set. We
leave this problem for further investigation, focusing in the current article on validity, proximity,
plausibility, and actionability.
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Fig. 2. Overview of our counterfactual example generation framework for CRFs.

4.1 Representation of Cautious Random Forests

The first step of our branch-and-bound strategy requires an efficient representation of a CRF. Let
h={h; t =1,...,T} be a CRF consisting of T (imprecise) binary decision trees; for the sake of
simplicity, and without loss of generality, we assume features to be numerical, i.e., x € RM,

4.1.1 Compact Representation of Trees. First, let us recall that each decision region associated
with each leaf node in each tree can be seen as a multi-dimensional box, in which all instances
share the same estimated posterior probability distribution.

Each leaf corresponds indeed to a partial region of the input space, determined by a series of split
tests from the root to the leaf. Multiple splits based on the same feature in a root-leaf decision path
can be summarized into a single interval. For instance, a leaf determined by (X; < 4AX; > 3AX; >
2) can be represented as a region defined by the multi-dimensional box (X1, X3) €]2,4]X]3, +0). If
a feature X; is never used, it can trivially be associated with the whole variable domain X;. Thus,
the decision region R;; = Ry1 X - -+ X Rypr associated with a leaf ,; of tree h; can formally be
defined as a box, i.e., a Cartesian product of lower-upper bounds R;;; (one for each input variable
X, and some of which may be trivial, i.e., may correspond to the variable domain bounds).

Each leaf 7, is associated with an estimated probability distribution p,;—or in our case, a set of
probability intervals [p],; such as defined in Equation (1). Therefore, n; = {(R;1, [pl,;;). I =1,..., A}
is a compact representation of the tree h; (with A; the number of leaves in the tree).

4.1.2  Decision Regions of a Random Forest. Computing efficiently the decision regions associated
with the forest, i.e., the largest regions associated with the same decision, is far from trivial. We
rather propose to compute an inner partition of the input space into such decision regions.

For a given feature X, let us consider the set of its associated distinct, nontrivial split values,
observed across all trees in the forest:

vj ={oji, i=1,...,n}, (1)

where n,; is the number of split values for feature X;. Without loss of generality, we assume the
split values in v; to be sorted in ascending order. Especially, we define v;o and vj(n,;+1) as the
minimum and maximum of feature X;.

These split values decompose each whole variable domain X into a set I; of split intervals:

Ij = {Ijia i= 0,. . .,I’luj}, Wlth Ij,' :]Ujia Uj(i+l)]~ (12)
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Hereafter, for the sake of simplification, we will use the generic notation I;; =]v;;, wj;] as notation
for a split interval, i.e., its upper split value is written w;;—assuming split values to be ordered, we
have wj; = vj(;+1). The total number of intervals for feature X; is obviously ny; = |I;| = ny; + 1.

Example 4.1 (Split Intervals of Random Forests). As an example, (a) and (b) display the decision
regions obtained by a forest of two trees: decision boundaries are displayed in plain lines (variable
splits being indicated in plain and dashed lines).

Since X7 =]0,5] and X, =]0,4], and the nontrivial split values are v; = {2,4} for X; and
vy, = {1,3} for X,, the sets of split intervals are Iy = {]0,2],]2,4],]4,5]} for X; and I, =
{10,1],11,3],13, 4]} for X.

Figure 3(c) displays the split intervals associated with the forest, obtained by computing the
intersection of the intervals in I; and I,. [ ]

Given a set of splitintervals {I, j = 1,..., M}, it should be clear that all instances z € I; X - -XIy
share the same forest output h(z): to that extent, this Cartesian product is thus a part of the decision
region associated with that decision. Note, however, that the set of all Cartesian products of the split
intervals is an inner decomposition of the input space into decision regions, as the same decision
can be associated with several distinct Cartesian products. Nevertheless, aiming at computational
efficiency rather than at compacity, we consider each Cartesian product as a decision region R; ¢ X
of the forest, with [ = 1,..., A and A the total number of such decision regions (i.e., of Cartesian
products).

4.1.3  Decision-Making. Let x be an instance to be processed by the forest. To efficiently process
x and (as we will see later) generate counterfactual instances for x, our procedure identifies the
forest leaf in which x falls while keeping track of all associated tree leaves.

For a given variable X, we will refer by I;(x) to the split interval that contains the value x; (the
realization of X; for x). This split interval can easily and efficiently be identified using a simple
search—with linear complexity in the number of intervals nj;, since these latter are ordered.

Identifying the set of leaves n(I;(x)) associated with a given interval I;(x), i.e., whose associated
decision regions have a nonempty intersection with it, can be achieved with linear complexity as
well—this time in the total number of leaves in all trees; it is formally defined as:

nI(x)) = {Utl Ry NILi(x) #0, t=1,....,T, I= 1,...,/1t}. (13)

Consequently, the set of leaves which have a nonempty intersection with the forest leaf R(x) in
which x falls—i.e., the Cartesian product I; (x) X - - - X I;(x)—can be computed as:

M
n(x) = 0L 1 (x0)) = [\ n(I(x)). (19)
Jj=1

In summary, for a given instance x, a decision can be made by applying the following steps:

(1) compute the split intervals I;;(x) associated with x;

(2) retrieve the sets of associated leaves n(I;(x)) as defined by Equation (13);

(3) compute the set of leaves n(x) associated with the (forest) decision region R(x) as per
Equation (14);

(4) return the prediction made according to a predefined decision-making strategy, of the
(imprecise-) probabilistic output computed according to a predefined aggregation oper-
ator, based on the set of leaves n(I;(x)).

Note that once the forest output (decision and/or probabilistic output) has been computed for a
given Cartesian product of split intervals, it can be stored in an adequate structure for future use,
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Fig. 3. Example of a forest of two decision trees: decision regions for each of the trees and of the forest.

Table 2. Example of Leaves in a Cautious Random Forest

Interval of Interval of o] o]

N values for X; values for X, Plii pliiz
o 10, 2] 10, 4] [0.8,0.9] [0.1,0.2]
e 12, 5] ]o, 1] [0.4,0.6] [0.4, 0.6]
s 12, 5] 11, 4] [0.1,0.2] [0.8,0.9]
a1 10, 4] 10, 3] [0.7,0.8] [0.2,0.3]
N22 14,5] 10, 3] [0.3,0.4] [0.6,0.7]
n23 10, 5] 13, 4] [0,02] [08,1]

i.e., so as to avoid recomputing the same forest output for future instances located in the same
region.

Example 4.2 (Representation of CRFs). We continue with the example displayed in Figure 3. Table 2
provides, for each leaf n,; (I = 1, 2) in each tree h; (t = 1, 2), the associated intervals of values for
each of the two variables X (j = 1, 2) and probability intervals [p];;;. We note that regions R; and
R, are actually associated with the same forest outputs, as well as regions R¢ and Ry. The leaves
associated with each split interval are given in Table 3.

Assume a test instance x = (1,2), is located in the split intervals I;(x) = I;; =]0,2] and
L(x) = I; =|1, 3]. We can immediately see that it is located into region R(x) = Ry = I; (x) X L,(x).
The associated leaves are:

n(x) = n(h1 X I2) = {11, M21, N23} N {1, M3, M21, M2z} = {111, Ha1}

If a decision is made based on the interval dominance principle (see Equations (2) and (3)), we
obtain A(x) = {c1}. [ |

4.2 Generation of Determinate Counterfactual Examples

Given a query instance x and a target (desired) class y’, our approach to solving Equation (10)
consists in generating a counterfactual example x’ in the closest decision region to x in which the
decision is y’. For this purpose, we need first to define a suitable dissimilarity measure between
query instances and decision regions, and then to propose an efficient procedure for identifying
the closest region to the query instance x.
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Table 3. For Each Feature, Set of Leaves Associated with Each
Possible Split Interval

L n(l1;) b n(L)

10, 21 {m1, 121, 123} 10, 11 {111, M2, M21, 22}
12, 41 {mz m3, m21. m23} 1L 31 {n11, miss 21, M2z}
14, 51 {mz m3. 122, m23} 13, 4] {n11, 13, 123}

4.2.1 Dissimilarity between Instances and Regions. Let R = {]v;, w1]X]om, wa]} be a (forest)
multivariate decision region. The dissimilarity d(x, R) between x and R can be computed in
various ways, for example, by degenerating the MAD or the weighted squared Euclidean distance
to corresponding dissimilarities. Directly using Equation (5) or Equation (7) yields:

M M 2
d(x;,Jvi, w; d(x;,Jvi, w;
(e Ry = 3 QI D)y gy - 3 Ao il (1)
j=1 j=1

For the sake of simplicity, we will refer in the following to the adjusted dissimilarity along a single
feature by ad(-):

d(x;, 105, w;]) d(x;.]0), wj])?
MADJ STDJ

Computing either of the dissimilarities above requires to define the dissimilarity d(x;, Jo;, w;]) of
a feature value to an interval, we propose:

ad(xj, v, wj]) = , or ad(xj,]ovj, w;]) = (16)

0 ifl)j < Xj < Wi,
d(x]',]l)j, Wj]): v —Xxjte ifXjSZ)j, (17)
Xj—Wj iij' > Wj.

The parameter € makes sure that for a given feature X;, whenever an instance falls on the lower
interval bound v; (which is assumed to be excluded from the interval), the dissimilarity will not be
zero: it must be chosen small enough (and in particular such that € < w; — v;), yet greater than
the machine epsilon. Therefore, we can define the dissimilarity of region R to instance x as the
dissimilarity between x and the counterfactual instance x” for the query instance x in the decision
region R by proceeding variable-wise, and pick, for j =1,..., M:

Xj ifo; <x; <wj,

= ) iy .

xV =qv;+e ifx; <vj, (18)
wj if xj > wj.

Note that if feature X; is an integer, we can then define:

0 ifl)j<x]‘SWj, A Xj ifvj<ijwj,
d(xj, Joj, wj]) = [vj +e-| -x; ifx; <oy, and x"” = [vj + e] ifx; <oy,
|-Xj — Wj-| ifXj > Wi I_W]J iij' > Wj.
(19)

Figure 4 provides an example of the closest point generated in each region with respect to a
query instance using Equations (18) and (19).
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Fig. 4. The closest point in each region to query instance x assuming feature X is integer and X is continuous.

X1

Fig. 5. Example of search tree for x = (1, 0.5) according to the forest illustrated in Figure 3(c).

4.2.2 Closest Decision Region to a Query Instance. We now turn to identifying the decision region
closest to a query instance x while associated with a decision y’ # h(x), according to one of the
dissimilarity measures L;"“d or L;td proposed above. A straightforward way would be to compute
the dissimilarity from x to all regions, the complexity of which is intractable due to the potentially
high number of decision regions. To overcome this issue, our strategy starts from the region R(x)
and expands the search to further regions R’, exploring them by increasing dissimilarity d(x, R’),
and stopping when a suitable region is identified.

To this end, we build a search tree, where each level corresponds to a feature and each node
on a given level to a split interval for the corresponding feature. The path from the root to a leaf
corresponds to a sequence of (at most) M split intervals defining a decision region. Assume that for
each feature X, the split intervals are sorted in ascending order according to their dissimilarity to x;.
Then, the leftmost node on the level associated with X is the split interval I;(x) where x is located.

Figure 5 displays such a search tree, constructed from the forest in Figure 3(c). As mentioned
before, exploring all decision regions in a forest is intractable due to its size being exponential. In
the following, we propose several methods to reduce the complexity of the search procedure by
filtering out regions that are known not to satisfy some constraints or to be suboptimal.

4.3 Speeding up the Search

The first way to accelerate the search is to consider feature restrictions. In some applications,
features are immutable (they cannot be modified) or can only be increased or decreased. These
constraints allow us to filter out some of the split intervals in the search tree.
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In addition, we remark that a counterfactual example that satisfies all feature restrictions can be
found or generated using simple heuristic methods. One popular such heuristic method is the so-
called MO approach, which searches in the training set for the closest counterfactual example that
satisfies feature restrictions. Alternatively, the One-Feature-Changed Counterfactual (OFCC)
approach tries to vary the value of only one feature and keeps the remaining features unchanged to
generate counterfactual examples. Experimental results [59] showed that OFCC can generate closer
counterfactual examples than MO, thus achieving a smaller initial dissimilarity dg,,. We stress that
using either of these methods provides us with an initial guess for the solution to Equation (10),
associated with an upper bound d,, on the dissimilarity between the query instance and potential
counterfactual examples.

Our procedure aims at improving this initial guess, using d,,, to narrow down the search for the
corresponding region. Together with the feature restrictions due to actionability, split intervals of
features can be filtered as follows:

(1) If a feature X; has no restrictions, split intervals whose dissimilarity to x; are larger than
dsup should be filtered out, giving a set of remaining split intervals I'™ = {I;; : ad(x;, I;;) <
dsup: i=1,...,n1j}. .

(2) If a feature X is immutable, the value x/ of any counterfactual instance should equal that of
the query instance x (x;): thus, all split intervals in I; that do not contain x; should be filtered
out, leaving us with the remaining split intervals I;.em ={I;; :xj €Ij;, i=1,...,n5;}—note
that this step results in I j.em containing a single split interval, which amounts to removing a
dimension in the search tree.

(3) If a feature X; can be only increased, all split intervals whose upper bounds are smaller than
x; should be filtered out: the remaining split intervals are I;em ={Ii : wji 2 xj, ad(x;,I;;) <
dsups i= 1, ey an}.

(4) If on the contrary a feature X; can be only decreased, all split intervals whose lower bounds
are larger than x; should be filtered out: the remaining split intervals are Ij.em ={Ij; :vj; <
Xj, ad(xj, Iﬁ) < dsups i=1,... 5 Tl[j}.

In this filtering process, if no actionability constraints are considered, the algorithm will never
eliminate the region that contains the closest counterfactual example. Conversely, if actionability
constraints are taken into account, the counterfactual found may not be optimal in terms of
proximity (since the closest counterfactual may have become non-admissible as per the additional
constraints). Example 4.3 illustrates the filtering step on a simple example with a CRF trained on
2D binary classification data.

Example 4.3 (Filtering Procedure). Figure 6 illustrates the filtering procedure described above on
an example where a CRF was trained on 2D binary classification data. The determinate decision
regions (i.e., where the decision is a single class) are depicted in blue and orange, while the gray
regions correspond to indeterminate decisions. The problem is to find a counterfactual of the orange
class for a query instance x with an indeterminate prediction represented by the black point. The
closest of these counterfactual examples is represented by the red point.

An initial counterfactual example (green point) obtained through the MO method gives an
upper bound dissimilarity ds,, for the search procedure. Subsequently, if we use the Euclidean
dissimilarity, the optimal counterfactual example must lie within the circle (or a hyper-sphere, in
the case of high-dimensional data) centered on x with a radius of ds,,.

If there are no constraints on the features, then the search can be restricted to the textured area
in the graph, consisting of 25 decision regions, rather than the entire feature space of 64 bins.
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Fig. 6. An example of a CRF based on 2D data.

Additionally, if we assume that the values of the two features at hand cannot be decreased, the
search range can be further narrowed down to the crosshatched area, consisting of only 9 bins. m

Algorithm 1 compiles the filtering steps presented above and returns the subset of regions
consisting of the remaining split intervals, where the closest counterfactual examples are to be gen-
erated. Via this filtering, the number of remaining split intervals of each feature will be significantly
smaller than the original number.

4.4 Branch-and-Bound Search Procedure

Assume that, for a given query instance, the search procedure reached a node in the search tree. As
the dissimilarity to a region of the space can be computed dimension-wise, it is easy to obtain a
lower bound on the dissimilarity between the query and all the regions below this node. Given
an upper bound dg,,, on the normalized dissimilarity between the query and the counterfactual
example, we can design a branch-and-bound algorithm able to stop the exploration of the nodes
in the search tree whenever the dissimilarity of the remaining nodes is known to exceed the said
upper bound. This allows to considerably decrease the time required to explore the search tree.

The branch-and-bound search strategy requires to keep track of the cumulative dissimilarity from
the root to a current node in the search tree, so as to manage the forward and backward movements
of the search. If the sub-tree of the current node is entirely explored, the algorithm should step
back to the previous level and select a new sub-tree to explore. Conversely, if the sub-tree of the
current node is incompletely explored and the cumulative dissimilarity from the root node to the
current node does not exceed the upper bound distance d,,,, then the unexplored sub-tree should
be prioritized for forward movement. Should instead the cumulative dissimilarity from the root
node to the current node exceed dg,,, the exploration of all remaining sub-trees of its parent node
should be terminated, given that those sub-trees to its right are guaranteed to be further away, and
the cumulative dissimilarity of any node in these remaining sub-trees is consequently guaranteed
to exceed dgy,.

Upon arriving at a leaf node of the search tree with a cumulative dissimilarity smaller than
the current upper bound dissimilarity, the algorithm checks the prediction of the corresponding
decision region. If the prediction matches the given desired class, a counterfactual example is
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Algorithm 1: Filtering
Input: Query instance x; initial upper bound dissimilarity d,,; leaves of cautious random
forest n; feature restrictions; adjusted dissimilarity measure ad(-).
Output: Remaining split intervals I"™.

1 Irem - {}

2 for j=1,...,Mdo

3 I ={}

4 if X; is immutable then

5 fori=1,...,n; do

6 if vj; < xj < wj; then

7 | I =T U

8 else if X; is only increasing then

9 fori=1,...,n; do

10 if wj; > x; and ad(x},1j;) < dsyp then
11 | I =T U
12 else if X; is only decreasing then
13 fori=1,...,n; do

14 if Uji < Xj and ad(xj,Ij,-) < dsup then
15 L e =1 U I
16 else

17 fori=1,...,n; do

18 if ad(xj, Iji) < dsup then

19 L e =I5 U I
20 Ir_em = Irem U I;em

21 return ™™

generated within this region according to Equations (18) and (19), and the upper bound dissimilarity
dsup is updated to the (smaller) current cumulative dissimilarity before resuming the search.

Example 4.4 illustrates this branch-and-bound search procedure as a continuation of Example
4.3.

Example 4.4 (Branch-and-Bound Search for the Closest Counterfactual Example). Figure 7(a) displays
the decision regions in Example 4.3, narrowed down by using the upper bound dissimilarity d,,
and the actionability constraints that attributes can only be increased. The corresponding search
tree is represented in Figure 7(b).

The search starts at the root and explores the regions such that 3 < X; < 4, corresponding to
the leftmost node at the first level. The first child of this node corresponds to the region (X;,X;) €
13,4] x 13, 4], which is within the upper-bound dissimilarity but does not correspond to the desired
prediction—the associated decision is indeterminate (the node contains the query instance), as are
its two sibling nodes.

The search therefore goes back to the previous level in the tree and proceeds with exploring the
regions such that 4 < X; < 5, corresponding to the children of the central node. The first child
does not give the desired prediction. However, the second one, defined by (X1, Xz) € 14,5] X 14, 5],
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Fig. 7. Example of a search region (after application of the filtering procedure), and associated search tree
with branch-and-bound search process for the closest counterfactual example.

produces the desired prediction and is within the upper-bound dissimilarity: a counterfactual
example is therefore generated in this region, and the upper-bound dissimilarity is updated. We
note that the third child is not visited, since the dissimilarity to x now exceeds the updated upper-
bound dissimilarity.

The search goes back again to the first level to explore the rightmost node, i.e., the regions such
that 5 < X; < 6. Since the dissimilarity of this node to the root exceeds the updated upper-bound
dissimilarity as well, exploring the sub-trees rooted in this node is pointless: the search is therefore
terminated by going back to the root node. [ ]

4.5 Plausible Counterfactual Generation

In order to guarantee the plausibility of the counterfactual instances produced by the algorithm,
outlier detection techniques such as the Local Outlier Factor (LOF) [4, 11] and the connectedness
of counterfactual examples to training data [34] can be employed in the process prior to updating
x" and dgy,. In this article, we adopt the LOF as the indicator of plausibility since it is more sensitive
than connectedness.

The LOF detects outliers by comparing the local density of a point to the densities of its neighbors,
which assumes an outlier will have a significantly lower density than the points around it. To
calculate the LOF score, for a given point z € X, the algorithm first finds its k-nearest neighbors,
noted as Ni(z). Let d(x) (z) stand for the distance between an instance z and its kth nearest neighbor.
LOF computes the “reachability distances” associated with each neighbor 2z’ of z in Ny (2):

re(z,2') = max(d)(2'),d(z,2')); (20a)
Note that r¢ (2, z’) is formally not a distance since it does not satisfy symmetry. Then, LOF calculates
the local reachability density of z as the inverse of the average reachability distance to z from its
neighbors:
-1

1 , '
g (2) = WZ,E%(Z)”‘(Z’“ ; (20b)
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Algorithm 2: Branch-and-bound Search for Counterfactual Examples

Input: Query instance x; desired class y’; intial counterfactual example x;, ,; initial upper
bound dissimilarity ds,,; sorted split intervals I, leaves of CRF 7; adjusted
dissimilarity measure along a single feature ad(-); local outlier factor LOF(+).

Output: Counterfactual example x’.

x' = x;nit

ni=[nn, ..., nml

n_checked_interval = [0,...,0] // initial lists are all of M elements

dim_dis = [0, ...,0]

dim_leaves = [0,...,0]

6 region =[0,...,0]

[ N

7 cumu_dis =0 // cumulative dissimilarity from root to a search tree node
8 j=1
9 while True do

10 if j = 0 then

1 | break

12 else if n_checked_intervals[j] = n;; then

13 n_checked_intervals[j] =0

14 dim_dis[j] =0

15 j=j-1

16 else

17 n_checked_intervals[j] = n_checked_intervals[j] + 1
18 i = n_checked_intervals|j]

19 interval = Ij;

20 region[j] = interval

21 dim_dis[j] = ad(xj, interval)

22 cumu_dis = sum(dim_dist[1],...,dim_dist[j])

23 if cumu_dis > d,, then

24 n_checked_intervals[j] =0

25 dim_dis[j] =0

26 j=j—-1

27 else

28 dim_leaves|j] = R(interval, j, n)

29 if j=M then

30 leaves = dim_leaves[1] N --- N dim_leaves[M]
31 if predict(leaves) = y’ then

32 cf_candidate = generate_cf_in_region(x, region) via Eq. (18) or (19)
33 if LOF(cf_candidate) is plausible then

34 x" =cf_candidate

35 L dsyp = cumu_dist

36 else

37 L j=j+1

38 return x’
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in a nutshell, gx (z) measures to which extent z can easily be reached from its neighbors, on average.
Finally, the LOF score s (z) is computed as the average relative reachability density of the neighbors
of z from z:

qr(z)
qr(2)

1
sk(z) = m Z (20c)

2’ €Nk (z)

In our implementation, we followed the setting for LOF which is widely adopted in the anomaly
detection literature. Specifically, we set the neighborhood size to k = 20, which is also the default
value in the scikit-learn implementation and lies within the range of 10-30 recommended
in [11, 23]. For the decision threshold, we considered a candidate counterfactual z implausible
whenever its LOF score exceeded si(z) = 1.5, a value commonly used in practice and suggested in
the original LOF paper [11]. This choice reflects the fact that points with si(z) = 1 have a density
comparable to their neighbors, while significantly larger values (e.g., > 1.5) indicate outlier-like
behavior.

Algorithm 2 formalizes the branch-and-bound search presented above, where we generate a
single counterfactual candidate near the boundary of the decision region according to Equations
(18) and (19). One might argue that such boundary candidates could occasionally be flagged as
outliers by the plausibility filter, while interior points in the same region might not. Our method
does not further search interior points for three reasons. First, due to the fine partitioning behavior
of random forests near decision boundaries and our indeterminate predictions often occur near
decision boundaries, interior points are typically very close to the boundary candidates and hence
yield similar plausibility outcomes. Second, interior points necessarily have larger dissimilarity and
are less aligned with our optimization goal. Third, explicitly searching interior points would incur
substantial computational overhead with limited expected gain. This reflects an intended tradeoff
between efficiency and completeness. Therefore, this design choice is an intended tradeoff between
completeness and efficiency of counterfactual generation.

Algorithm 3, which calls Algorithm 2, presents the complete process for generating counterfactual
examples. It features a reconstruction step, required to further ensure that the generated counter-
factual examples are effective. The justification for this is twofold. First, the order of features in the
search tree may be different from the original (arbitrary) one—for example, if they are ordered ac-
cording to an importance score so as to increase the efficiency of the search procedure (see Section 5):
then, the original feature order needs to be restored. Second, subsets of features might be subject to
specific constraints: e.g., for a set of features resulting from one-hot encoding, there should be a
single feature equal to one, the others being necessarily set to zero.

5 Increasing Counterfactual Generation Efficiency Using Feature Importance
5.1 Motivations

An important factor that significantly influences the efficiency of counterfactual example generation
is the order of features within the search tree. Intuitively, modifying a given feature to generate a
valid counterfactual example might require visiting the right-most child at the corresponding level
in the search tree. Therefore, placing decisive features (i.e., which probably require to be modified
to reach a counterfactual example) at the bottom of the search tree, and unimportant features
near its root, increases the chance of identifying valid counterfactuals earlier, which allows for
reducing the search space more quickly. It should be noted that the reordering of features will never
eliminate the decision region with the minimal dissimilarity to the query instance, thus preserving
the completeness of the search.
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Algorithm 3: Counterfactual Generation

Input: Query instance x; classes Y = {cy, c» }; leaves of cautious random forest n;
dissimilarity measure d(-); feature restrictions FR; feature ordering FO; local outlier
factor LOF(-).

Output: Counterfactuals cfs{x°!, x*}.

1 cfs={}

2 forcp € Y do

3 Initialize xf:i” via MO or OFCC method for class ci

4 deup = d(x, x%)

5 I = Filtering(x, dsup, 0, FR, d(-)) // Algorithm 1
6 Sort I according tod(x,Ij;), j=1,....M,i=1,...,n5

7 Reorder features in x, SI, and 5 according to feature ordering FO

8 x° = Branch-and-Bound Search(x, c, xf’,;l.t, dsup, I, n,d(-), LOF(-)) // Algorithm 2
9 x° = Reconstruction(x®, FO, FR)

10 cfs=cfsUx%

[
=

return cf's

Fig. 8. Two search trees with different orderings of features: (Xi, X;) (left) and (X3, X;) (right). The procedure
aims at generating a counterfactual in an orange region. Feature X is decisive. The right-most tree incorporates
this latter at the bottom, which makes it possible to reach an appropriate generation region (and thus to
decrease the upper-bound dissimilarity ds,,) earlier during the search, thereby increasing the chance to
terminate the search more quickly.

As an illustration, assume feature X; is decisive. In tree t;, the feature order is (X, X3), and
the procedure must visit seven left-most leaves before generating the first valid counterfactual
example. In contrast, in tree f,, the feature order is (X3, X;), and only three left-most leaves need to
be explored to obtain the first valid counterfactual, thereby reducing the upper bound dissimilarity
more quickly and increasing the chance of skipping subsequent leaves (see Figure 8).

This observation motivates the use of feature importance to guide the ordering of features in the
search, which is crucial for improving the practical efficiency of the proposed algorithm.

5.2 Feature Importance-Based Strategy

In previous works, the concept of feature importance has been widely used for assessing which
features may need to be modified to generate counterfactual examples. For example, Keane et al.
proposed in [29] to identify the features to be modified based on the counterfactual examples of
data points close to the query instance—as per the principle that similar instances should require
similar modifications to obtain counterfactual examples. In [45, 56], the authors proposed to modify
features that contribute against the desired predictions, i.e., features with negative SHAP values
associated with the query instance and the desired prediction.
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We propose to establish the order of features in the search tree by evaluating their importance with
respect to the resolution of prediction indeterminacy, expecting features with higher importance
to be more likely to be modified during the generation of counterfactual examples: such features
should therefore be positioned closer to the bottom of the search tree. Given a list of feature
importance values ® = {¢?,...,¢M}, we define the feature ordering <4 as:

X 2o X;if ¢ < ¢, Vi, j € {1,..., M}, j# . (21)

We finally note that, in addition to helping determine the order of features in the search tree, the
feature importance values assessed constitute an explanation in itself, by pointing out the features
that are expected to be important in the counterfactual generation process.

5.3 Existing Feature Importance Measures

Many strategies have been proposed based on which we can estimate the feature importance values
in ®. We detail some of the most prominent ones below, and we point out how they can be adapted
to rank the features in the search tree. We made a distinction between local measures, and notably
the LIME [46] and SHAP [38] methods, which focus on the contribution of features for a particular
instance and prediction; and global measures, which take all instances into account. These latter
may notably be helpful for the purpose of understanding the model.

5.3.1 Local Feature Importance. For a given query instance x and model h to be explained, the
LIME approach aims at locally approximating h by an interpretable surrogate model &€ chosen in
a family H of models (e.g., linear regression models) [46]. For this purpose, LIME creates a new
dataset by generating samples around x and collects the corresponding predictions provided by h.
A new interpretable model, e.g., linear regression, is trained using the new dataset in which each
sample is then weighted according to its proximity to x. The best surrogate model can formally be
defined as follows:

£(x) = arg ;/nlrfl{ L(h K, e(x)) +O(K), (22)

where L(-) is a loss function measuring the fidelity of b’ to h (e.g., mean squared error), O(+)
measures the model complexity, and £(x) defines a neighborhood of x in which the approximation
is sought. In practice, LIME only optimizes the loss part while the complexity of the model (number
of features) is fixed by the user. In our case, the outputs of model h and A’ are replaced by a measure
of prediction indeterminacy—see Equation (25a) or Equation (25b) below.

Unlike LIME, which learns an approximate model, the SHAP approach makes use of the Shapley
values [50], a concept from cooperative game theory that measures the contribution of each player
to the total payoff of a game. The basic idea behind SHAP is to assign a score ¢(j | h, x) to each
feature X; that measures its contribution to the model prediction for a given instance x and classifier
h. This score is based on the difference between the model prediction for the instance with and
without the feature X;. More precisely, the SHAP score for feature X; and instance x is defined as:

|S|'(M - 1S] - 1)

Bl R = R ) - fi), 9

sc{rz...MH\{j}

where M is the total number of features, S is a subset of the features excluding feature X;, f, (x%) is
a payoff associated with model h for instance x with only features in S, and f;, (x5V1/}) is the one
with feature X; added to S. Again, in our case, the payoff function f;(-) is a measure of prediction
indeterminacy, defined either by Equation (25a) or by Equation (25b) below.

Intuitively, the SHAP score measures the average marginal contribution of feature X; across
all possible subsets of features that do not contain X;. It can be interpreted as the contribution of
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feature X; to the model output for x. In order to estimate the SHAP score, Lundberg et al. proposed
Kernel SHAP [38], which is a model-agnostic approach. Kernel SHAP connects LIME and Shapley
values, i.e., it is a kind of LIME where the proximity measurement £(x) in LIME is no longer based
on distance but replaced by the SHAP kernel.

5.3.2 Global Feature Importance. When growing a decision tree, upon adding a new node, the
best split is determined so as to maximize the decrease in impurity. For a given feature, the Mean
Decrease in Impurity (MDI) is the average decrease in the impurity of the nodes where the
feature is selected as split feature, weighted by the proportion of samples in the nodes [10, 35].
Intuitively, features achieving a great decrease of impurity over a tree are more discriminative and
are therefore important for the separation of the feature space. In a random forest, the MDI can
be defined as the average MDI across all trees. MDI is a model-specific method, only suitable for
tree-based models. Features with a large MDI generally appear in the shallow layers of the trees,
while features with a small MDI often appear at the bottom, corresponding to regions of the input
space where the different classes are more likely to be mixed—which corresponds to the main cause
of indeterminacy for a CRF. Therefore, features with a higher MDI are more likely to be helpful in
resolving indeterminacy.

Since Shapley values are considered to be consistent, this local feature importance measure can be
used to construct a global measure. The SHAP feature importance measure (SHAP-FI) is calculated
by averaging the absolute Shapley values per feature across all instances with indeterminate
predictions:

®(j|h) =

161 hx)l, (24)

n:
indet x| |h(x)|>1

where nj,get is the number of instances with indeterminate predictions in the dataset and ¢(j | b, x)
is defined by Equation (23). Besides, SHAP-FI can also provide a summary plot for all features
to illustrate the relation between SHAP values and feature effects, which enables us to better
understand the model dependency on features.

In traditional classification problems, the PFI approach measures the decrease in the prediction
accuracy of the model after the feature values have been swapped. It is also referred to as the mean
decrease in accuracy [40]. Since machine learning models learn the association between input
features and outputs, if there is a significant decrease in the accuracy of the prediction when a
feature in the dataset is perturbed, it indicates that the prediction of the model is highly dependent
on this feature [10]. PFI is a model-agnostic method, and the performance measurement can also
be different from the accuracy.

5.4 Proposed Feature Importance Assessment Strategy for Indeterminacy Resolution

5.4.1 Measuring Prediction Indeterminacy. Feature importance must be associated with a pre-
diction evaluation metric, such as the accuracy in precise classification problems. In our case, we
focus on the indeterminacy of predictions. Thus, we propose two measures of indeterminacy. The
first one, written Imp,, indicates whether the prediction is indeterminate or not. The second one,
denoted by Imp,, is a measure of uncertainty based on the prediction intervals. If the output h(x)
for an instance x consists of a set of classes, we propose to define Imp, as follows:

Imp, (h,x) = {0 iflhGol =1, (25)

1 otherwise.
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If we rather consider interval-valued outputs (I; = [bel;(x), pli(x)] and I, = [belz(x), pl2(x)]),
following the definition in [26], we may define the indeterminacy measure Imp, as:

Imp, (h, x) = min(pl; (x), pla(x)). (25b)

By duality, the uncertainty quantification can be calculated either using I; or I due to the rela-
tionship pl; (x) =1 — bely(x) and ply(x) = 1 — bel;(x), i.e., Imp, (h, x) = min(pl; (x), 1 — bel;(x))
or Imp, (h, x) = min(1 — bely(x), pl2(x)).

Remark 1. Since pl; (x) = pli(x) +bel; (x) —bel; (x) and 1—bel; (x) = 1-bel;(x) +pli (x) —pli (x),

we have:

Imp, (h, x) = min(pl; (x), 1 — bel;(x))
= min(bel; (x) + pli(x) — bel;(x), 1 — pli(x) + pli(x) — bel;(x))
=min(bel;(x),1 — pli(x)) + pli(x) — bel;(x)
= min(bel; (x), belz(x)) + (pli(x) — beli (x)).

The first part in this decomposition has been linked to aleatoric uncertainty, and the second part,
representing the length of the probability intervals I; and I, to the epistemic uncertainty in the
prediction.

Remark 2. According to the decision strategy in Equation (3), all determinate predictions (bel; (x) >
0.5 or bely(x) > 0.5) yield a value Imp, < 0.5, and indeterminate predictions (bel;(x) < 0.5 and
bel,(x) < 0.5) yield a value Imp, > 0.5. In addition, for any k,[ € {1, 2} with | # k, we have that
Imp, — 0 when beli(x) — 1 or plg(x) — 0, and in contrast Imp, — 1 when both beli(x) — 0
and pli (x) — 1: in these cases, Imp, coincides with Imp;.

5.4.2 Local Permutation Feature Importance. Let x be a query instance associated with an
indeterminate model output; assume that the joint distribution fx of the underlying random vector
X is known (or has been estimated).

Let x™/ € X be a vector obtained from x by modifying feature X; while keeping all others
unchanged, i.e,, the jth element x; of x was replaced by a new value z;: this modification can be
seen as a sampling according to the conditional distribution:

fxi(z)) = fx; |20 (2) =P(X; =2 | X = x5, V] # ), (26a)

where x7/ is the sub-vector consisting of all elements of x except the jth one. In general, the
conditional distribution fx-~; is difficult to calculate analytically; a notable exception is the Gaussian
case, where any conditioning of a Gaussian random vector by a sub-vector is Gaussian, with
parameters that can be computed analytically.

Note that if the modification of x is to be performed “toward a given class k,” i.e., the instance
should be modified so as to transform an indeterminate prediction into a desired one, the class-
conditional distributions for the feature to be modified, i.e., we should replace (26a) with:

Foi 116(Z) = x| i y=k (2) = P(X; =2, | Y =k, X =xjr, V] # j), (26b)

where the considered class Y = k matches the desired prediction h(x).
Given a test instance x, we can define the local PFI of X; as the expected reduction of indetermi-
nacy induced by modifying feature value x; only:

¢(j| h x) = Ex~; [Imp(h(x)) — Imp(h(X™/))] = Imp(h(x)) — Ex~ [Imp(R(X™7))].  (27)
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Again, this expectation can be computed according to the class-conditional distribution (26b)
instead of (26a), should a modification be made so as to obtain a specific decision, i.e., a given
class k.

Note that even if the conditional distribution (26a) or (26b) can be computed or approximated
efficiently, the expectation (27) is generally difficult to compute. Therefore, we propose in practice
to estimate it by averaging the reduction of indeterminacy over the instances similar to x except
for value x;, i.e., instances obtained by replacing the jth value of x by values sampled according to
the conditional distribution of the random variable X~/. Alternatively, provided a sufficiently large
validation set is available, we can also estimate the local feature importance based on the samples
similar to x except for value x;.

5.4.3 Global Permutation Feature Importance. The PFI measure defined above can be used
to assess feature importance at the population level, so as to globally explain the relationship
between the features and the indeterminacy of the CRF model. Since our purpose is to resolve the
indeterminacy of set-valued predictions, we focus on observations x with indeterminate predictions,
ie., Card h(x) > 1.

We define the global feature importance of X; as the expected gain of the reduction of
indeterminacy associated with classifier outputs based on the conditional distribution fx | card n(x)>1:

®(j|h) =Ex| cardnx)>1 [9(J | b, x)], (28)

where ¢(j | h, x) is the measure of local feature importance of X; associated with a specific ob-
servation x, as defined in Equation (27), in which an appropriate class-conditional distribution in
(27) can be used so as to compute an expected gain specific to a desired prediction A(x) = k as
mentioned above.

The theoretical calculation of the global feature importance is generally difficult. However,
Equation (28) can be practically estimated by replacing the expectation with an empirical average
calculated on the instances of a dataset (e.g., test or validation set) for which the model outputs are
indeterminate.

5.5 Complexity Analysis of Our Proposed Counterfactual Example Generation
Framework

We now analyze the computational complexity of the proposed branch-and-bound approach.
Suppose each of the M features is partitioned into N intervals by the random forest. Then the
worst-case complexity of the search is exponential, i.e., O(NM). Even if filtering irrelevant intervals
reduces the effective number of partitions per feature to N, << N (see Section 4.3), the worst-case
complexity remains O(NM). This exponential bound is inherent to exact search methods.

In practice, not all features need to be modified to reach a valid counterfactual. Let J < M denote
the number of decisive features that must be modified. If these decisive features are located deeper
in the search tree, the effective complexity reduces to O(N/). This exponential dependence on J
rather than M represents a significant gain, particularly when J <« M.

From the practical point of view, we tested our framework with CRFs consisting of 100 trees,
each trained to maximum depth. This results in very fine partitions of the feature space, already
representing a large-scale scenario. The reported runtimes in Section 6 demonstrate that the
algorithm remains tractable under such conditions. In addition, as shown in Table 7, the generated
counterfactuals typically involve modifications to only 1-3 features. This observation indicates that
J is quite small in practice, which greatly reduces the effective complexity relative to the theoretical
worst case.
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Table 4. Datsets Used in Experiments

Majority class

Data name Abbreviation n-feature n-sample )

Adult ADLT 11 45,222 75.22
Biodeg BIOD 41 1,053 66.38
Compas COMP 6 2,652 53.13
German GERM 24 1,000 70.00
Heloc HELO 23 10,459 52.19
Liver LIVR 6 345 57.97
Mammographic MAMO 5 830 51.45
Pima PIMA 8 768 65.10
Spam SPAM 57 4,594 60.69
Wine WINE 11 1,599 53.47

While the scalability of a branch-and-bound procedure in very high-dimensional domains is
acknowledged as a challenge, the combination of (i) filtering by preprocessing, (ii) ordering decisive
features based on expected feature importance, and (iii) the empirical sparsity of counterfactual
changes ensures that the search remains feasible in practice for the datasets considered.

We stress here that additional advanced implementation strategies may be considered to further
reduce the computational complexity of our approach. For instance, spatial indexing structures such
as KD-trees are often used to accelerate nearest-neighbor queries in continuous low-dimensional
spaces. While promising in principle, their applicability may be questioned in our setting for two
reasons: (i) tabular data typically involve mixed feature types (continuous, ordinal, and categorical),
where KD-trees offer little benefit; and (ii) our branch-and-bound procedure already exploits the
axis-aligned partitions induced by the forest, which plays a role similar to space partitioning.
Therefore, we chose not to investigate the integration of spatial indexing into our implementation.
Nevertheless, in applications with continuous features and low dimensionality, specific structures
such as KD-trees could be explored as a further optimization of our counterfactual generation
approach.

6 Experiments

We conducted two experiments to establish the interest of our approach. First, we compared our
counterfactual example generation method with other methods by evaluating the effectiveness
of the generated counterfactual examples and their efficiency in handling large-scale problems.
Second, we demonstrated the efficiency gain for the branch-and-bound search by ordering the
features according to their importance with respect to the reduction of indeterminacy.

All of the aforementioned experiments were performed on 10 distinct binary classification
datasets sourced from the UCI repository. Table 4 recalls details on these datasets, including the
number of features and samples.

In our experiments, we used CRFs with 100 decision trees, all trained to the maximum purity
(with a purity of 1 at each leaf). The parameter of the imprecise Dirichlet model was set to s = 2. The
random state was fixed to 42 for all experiments. Below, we report average metric values computed
over four-fold cross-validations and their fold-wise STD. By this setting, we had 25% test data in
each fold to have enough indeterminate predictions. All of our experiments were conducted on a
Windows 10 system, powered by an Intel Ultra-7-165H CPU and 32 GB of RAM.
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Table 5. Comparison of Different Counterfactual Generation Approaches in Terms of L§'? Dissimilarity

Data

MO

DisCERN

LIRE

OFCC

Ours

ADLT
BIOD
COMP
GERM
HELO
LIVR
MAMO
PIMA
SPAM
WINE

2.9544+1.1706
3.1315+0.5267
1.1348 +£0.1590
4.3264+0.1291
7.6164+0.2360
4.1412+£0.4126
1.5090 +0.8999
4.6446 £0.1405
3.7464 £ 0.4694
1.5406+0.0715

2.3369+1.2030
0.9909 £0.1652
1.0120+0.1293
3.0958 £0.1671
4.7660 £0.3593
3.1374+£0.4070
1.4339+0.9204
3.0986 £0.2662
1.2830+0.0701
0.8147 £0.0427

2.2740 £0.9960
2.3432+0.3674
1.0647 £0.1798
2.9975+0.0980
6.9940 £ 0.1660
3.7520 £0.3892
1.1032 +0.8564
4.2328 £0.1640
2.6797 £0.3356
1.2937+0.0572

1.7801+0.8391
0.6444+£0.1667
1.0296 +0.1149
2.1815+0.1919
1.6802 +£0.2295
1.5609+0.6758
1.2162 +0.5430
1.4915+0.2630
0.1316 £0.0735
0.4081 +£0.1405

1.7123 + 0.8548
0.6177 + 0.1525
0.6487 + 0.0973
1.8523 + 0.1322
1.5423 + 0.2014
1.1803 + 0.5746
0.8376 + 0.4950
1.3176 + 0.2450
0.1302 + 0.0745
0.2585 + 0.0596

Table 6. Comparison of Different Counterfactual Generation Approaches in Terms of L;”“d Dissimilarity

Data

MO

DisCERN

LIRE

OFCC

Ours

ADLT
BIOD
COMP
GERM
HELO
LIVR
MAMO
PIMA
SPAM
WINE

2.1763+£0.2049
19.6806 +8.3335
2.1317+£0.7937
12.2793 +1.1329
9.1232+0.5293
3.3464+£0.3249
2.2311+1.4992
3.8787+0.1511
29.0034+£6.1094
5.3058 £0.1610

1.4225+0.1187
3.8764+0.8769
1.4352+0.5168
5.6872+0.4590
3.2291+£0.3028
1.8550+0.3322
2.1199 +1.5405
1.9301+0.2127
5.3566 +0.9527
2.2654+0.2382

1.7010£0.1371
13.6125+5.0628
2.1857 £1.0048
7.9907 £0.5206
8.1836 £0.2956
2.9197+£0.3128
1.6697 +1.4313
3.4428 £0.1412
18.9356 +3.6862
4.5340+0.1783

0.4385+£0.0285
1.8555+0.6457
1.2389+0.5602
2.8918 +£0.2080
0.9090 £0.1847
0.6230+£0.2747
1.3309+0.8715
0.5817+0.0805
0.4882+0.3137
0.6686 +0.1909

0.4267 + 0.0316
1.6416 + 0.5035
0.8790 + 0.4585
2.6376 = 0.1954
0.8603 + 0.1878
0.5652 + 0.2664
1.1444 + 0.8559
0.5603 + 0.0768
0.4342 + 0.3203
0.5087 + 0.0892

6.1

Comparison of Different Counterfactual Generation Methods

Here, we compare different counterfactual example generation methods in terms of the properties of
counterfactual examples, including dissimilarity (Lgtd and L;”“d), sparsity (Lg), plausibility (whether
the generated counterfactual is an outlier or not), and efficiency (time cost); all these quality
measures are reported in Tables 5-9, where best results are highlighted in bold. Note that since all
methods implemented here generate valid counterfactuals by design, the validity is not reported.
The compared methods in this experiment are:

(1) MO, which searches the closest counterfactual example in the training set;

(2)

DisCERN [56], which replaces values of features ordered by feature importance with the

corresponding feature values from MO until valid counterfactuals are returned;

®)

unchanged to generate counterfactual examples;

4)

OFCC [59], which varies the value of only one feature and keeps the remaining features

LIRE [12], a method tailored to random forests, which generates counterfactual examples by

considering only the leaf intersections that contain at least one training sample.

We note that when choosing baselines for empirical comparison, we deliberately restricted
our attention to methods that guarantee validity while maintaining practical efficiency. Although
several other counterfactual generators for tree ensembles have been proposed, many of them
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Table 7. Number of Modified Features (Ly-norm or Sparsity) When Optimizing Lgtd and L{”“d, Respectively

Data MO DisCERN LIRE OFCC Ours
When optimizing L5
ADLT  3.2146+0.1730 1.8479+0.0804 3.3000+0.1621 1.0000 + 0.0000 1.1750+0.0613
BIOD  18.5184+0.5158 6.4423+0.1601 16.0689+0.4861 2.6383 + 0.3827  2.6480+0.2746
COMP  1.9542+0.0570 1.7292+0.0488 2.5146+0.1283 1.0417 £ 0.0300  1.6271+0.0997
GERM  8.4250+0.3124 4.7938+0.2870 9.0625+0.2036 2.1500 + 0.1595  2.4333+0.0854
HELO 16.1625+0.1799 6.5437 £0.6348 16.9042+0.1415 1.7375 + 0.3119  2.0063 +0.3534
LIVR  5.2355+0.1017 2.8107+0.3008 5.1993+0.1473 1.0435 + 0.0435 1.9370+0.1021
MAMO 1.9036+0.0664 1.6631+0.1384 1.9878+0.0477 1.2212 + 0.0573  1.4314+0.0636
PIMA  6.5495+0.1310 2.9739+0.1389 6.4343+0.1487 1.0068 + 0.0117  1.4854+0.0501
SPAM  14.7424+0.8757 2.8445+0.2664 14.0828+0.8056 1.0677 +0.1173  1.0911+0.1045
WINE  10.1063+£0.0474 3.6063+0.0997 9.7524+0.0693 1.1302 + 0.0917  1.7678 +0.0571
when optimizing L;"“d
ADLT 2.4250+0.1320 1.5438+0.0988 2.6312+0.1669 1.0000 + 0.0000 1.0750+0.0228
BIOD  17.7212+0.7181 6.5568+0.4956 15.5073+0.6615 2.5552+0.5095 2.5457 + 0.4871
COMP  1.7354£0.0360 1.5229+0.0501 2.2750+0.0981 1.0354 + 0.0384  1.3125+0.0411
GERM  6.7229+0.2682 3.7208+0.1842 6.9667 £0.2488 1.9146 + 0.0564  1.9896 +0.0330
HELO 13.7084+0.1939 5.3562+0.2299 14.8208+0.1580 1.6438 + 0.2507  1.7625+0.2177
LIVR 4.9384+0.1148  2.6527+0.2885 4.9133+0.1968 1.0380 + 0.0388  1.3800+0.1480
MAMO 1.5898+0.0686 1.4737+0.1109 1.6954+0.0983 1.1719 + 0.0252  1.2689 +0.0418
PIMA 6.4567 £0.1443  2.9405+0.2049 6.3358+0.1219 1.0068 + 0.0117  1.2616+0.0436
SPAM  12.2568+0.7802 2.8739+0.2263 11.9241+0.8344 1.0364 +0.0631 1.2631+0.0644
WINE 9.9485+0.0105 3.8430+0.2807 9.4544+0.0364 1.1420 + 0.0871  1.7527 £0.0657
Table 8. Proportion of Generated Counterfactual Instances Considered as Plausible (Based on Their
LOF Score)
Data MO DisCERN LIRE OFCC Ours
ADLT 0.9667 + 0.0161  0.9542 +0.0208 0.9125+0.0336  0.9156+0.0184 0.9188+0.0149
BIOD 0.9628 + 0.0207 0.9005+0.0149 0.9348 £0.0384  0.8976+£0.0090 0.8976 +£0.0090
COMP  0.9375+0.0247 0.9312+0.0143  0.9531 + 0.0239 0.8635+0.0186 0.9094 +0.0245
GERM  0.9927 £+ 0.0065  0.9885+0.0058 0.9927+£0.0050  0.9760+0.0135 0.9771+0.0137
HELO 0.9958 £0.0041 0.9896 £0.0143  0.9979 + 0.0036 0.9802+0.0200 0.9812+0.0207
LIVR  0.9547 +£ 0.0196  0.9254+0.0216 0.9359+£0.0309 0.8880+0.0382 0.8959+0.0365
MAMO  0.9843+0.0179 0.9919 + 0.0085 0.9808+0.0168  0.9847 +0.0160 0.9847 +0.0160
PIMA  0.9790 + 0.0243  0.9550+£0.0498 0.9682+0.0337  0.9488+0.0374 0.9488+0.0374
SPAM 0.9323+£0.0312 0.9192+0.0314 0.9403 + 0.0328 0.8876+0.0437 0.8938 +0.0421
WINE 0.9864 + 0.0144  0.9619 +0.0080 0.9750+0.0177  0.9619+0.0067 0.9675+0.0066

require dozens to hundreds of seconds to produce a single counterfactual, which makes them
impractical for real-world usage scenarios. Some others, however efficient, cannot guarantee that
the generated counterfactual examples are valid. In contrast, MO, DisCERN, OFCC, and LIRE satisfy
the two criteria that we regard as indispensable for real-world counterfactual explanation: (i) they
always return valid counterfactuals whenever possible, and (ii) they achieve runtimes that scale
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Table 9. Time to Generate One Counterfactual Sample (Seconds)

Data MO DisCERN LIRE OFCC Ours
ADLT 0.0019 + 0.0006 0.0161+0.0008 0.0069+0.0008 0.4948 £0.0084 1.4706+0.2123
BIOD 0.0001 + 0.0002 0.0305+0.0017 0.0011+0.0005 1.2313+0.0293 5.6882+0.0683
COMP 0.0002+0.0001  0.0071£0.0013 0.0001 + 0.0001 0.1609+0.0058 0.6160+0.1681
GERM  0.0001 + 0.0002 0.0299 +£0.0051  0.0009+0.0003  0.2329+0.0159 4.3557 +0.4441
HELO 0.0011 + 0.0002 0.0311+0.0044 0.0066+0.0006 1.1488+0.0174 5.4889+0.1025
LIVR  0.0001 + 0.0002 0.0095+0.0019  0.0001+0.0002 0.1381+0.0080 2.5674+0.5040

MAMO 0.0001 + 0.0001 0.0072+0.0006  0.0001+0.0001  0.0454+0.0010 0.5619+0.1826

PIMA  0.0001 + 0.0001 0.0108+0.0008  0.0002+0.0003 0.5127+0.0128 4.8612+0.2521
SPAM  0.0024 + 0.0007 0.0235+0.0031  0.0052+0.0010  3.0554+0.0656 5.3627 +0.1608
WINE 0.0001 + 0.0001 0.0132+0.0008 0.0006+0.0002 0.8301+0.0429 5.5450+0.1709

reasonably on the datasets considered. We therefore chose these four methods to compare to,
ensuring that the comparison remains both fair and practically meaningful.

From Tables 5 and 6, our method consistently yields the smallest dissimilarity across all datasets,
for both L;td and L;"“d. OFCC is usually the second-best method in terms of proximity, while LIRE
generally improves over MO but remains clearly behind OFCC and our approach, especially under
L;”“d. This confirms that, starting from MO, DisCERN, and OFCC as initializations, the additional
search over decision regions allows our method to find counterfactuals that are closer to the query
instance, so that users need to change feature values less to obtain a determinate prediction.

The sparsity of counterfactual examples is reported in Table 7. Generating counterfactual ex-
amples via MO and LIRE requires modifying a high number of features, in particular for datasets
with a high number of continuous features, such as the Wine dataset. DisCERN significantly
reduces the number of modified features by utilizing feature importance, but it is still relatively
high. OFCC is designed to modify only one feature, but for some samples, this is insufficient to
change the prediction into a desired one. Note that to ensure the validity of counterfactuals in
the implementation, if OFCC fails to generate valid counterfactuals, it returns the counterfactuals
generated by DisCERN: this is why the number of features changed by OCCF on some datasets in
the table may slightly exceed one. Our approach is reasonable in terms of the number of modified
features, since it generally results in fewer than three features being modified. This level of sparsity
is arguably consistent with the cognitive constraints pertaining to contrastive explanations. This
sparsity also implies that the branch-and-bound search procedure discards the majority of branches
at an early stage, effectively achieving a high pruning rate without the need to explore the full
search space. Additionally, owing to the characteristics of the L1-norm, it can be observed that the
counterfactual instances generated using L;”“d are sparser compared to those generated using L' d

Table 8 reports the proportion of generated counterfactual instances that are considered as
plausible—i.e., with LOF score less than 1.5. As can be seen, MO and LIRE attain the highest
plausibility scores, which is expected since they return training samples or points in densely
populated leaf intersections. DisCERN also achieves very high plausibility by reusing feature values
from MO. Our method remains close to these baselines: the proportion of plausible counterfactuals
is almost always above 90%, while still improving substantially over MO, DisCERN, and LIRE in
terms of dissimilarity and sparsity. OFCC tends to generate slightly less plausible counterfactuals,
reflecting the fact that single-feature changes tend to produce counterfactuals outside of the data
manifold.
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Table 10. Feature Importance for the Acceleration of Brand-and-Bound Counterfactual Search, Reported
with the Percentage of Improvement (%) of Average Time Compared to Table 9

Data  MDI (Global) PFI (Global) ig‘zgal;)l PFI (Local) SHAP (Local) LIME (Local)
ADLT 35.77 39.77 16.89 29.16 7.95 —-3.61
BIOD 80.63 90.15 87.15 71.97 30.47 55.59
COMP 22.08 22.26 12.95 7.18 10.57 —65.50
GERM 77.11 71.71 71.70 51.71 71.19 70.37
HELO 46.60 49,95 52.93 35.32 24.42 8.97
LIVR 15.96 13.55 8.62 6.75 7.75 7.49
MAMO 63.04 82.24 56.75 52.61 56.29 48.05
PIMA 8.46 9.45 7.75 11.08 —-1.57 8.82
SPAM 5.48 5.58 4.04 3.88 18.00 8.46
WINE 2.50 7.81 3.02 2.36 —-3.25 2.46

Table 9 reports the average time cost of generating counterfactual examples. It confirms that
MO and LIRE are by far the fastest methods, requiring only a few milliseconds per counterfactual,
since they essentially operate by querying existing training points or a small proportion of all leaf
intersections. DisCERN remains efficient despite repeated evaluations with feature replacements.
OFCC and our method are more costly because they perform structured searches in the space
induced by the forest. OFCC remains reasonably fast, whereas our method is the slowest overall;
however, it still generates counterfactuals within a few seconds per instance (well below 10 seconds
on all datasets) for forests with 100 fully-grown trees. Given the clear gains in proximity and
sparsity, these runtimes appear acceptable.

6.2 Counterfactual Example Generation Acceleration via Feature Importance

As presented in Section 5, global or local feature importance measures can be used to estab-
lish a feature ordering so as to optimize the construction of the search tree. Here, we evaluate
the effectiveness of three global feature importance assessment methods (MDI, PFI, and SHAP-
FI) and three local methods (PFI-Local, SHAP, and LIME) in accelerating the branch-and-bound
search for proximal valid counterfactual examples. Table 10 reports the improvement in terms
of mean elapsed time achieved by incorporating feature order based on feature importance, as a
percentage of the elapsed time when using the default feature order in datasets. Best results are
highlighted in bold. This comparison can be considered as an ablation study, confirming that feature-
importance-guided ordering accelerates the search without degrading the other performance metrics
considered.

Overall, global feature importance has the most positive and stable effect on efficiency. For all
datasets, MDI, PFI, and SHAP-FI yield a reduction in runtime, often by a large margin. PFI achieves
the largest improvement on most datasets, while MDI and SHAP-FI are competitive and can be best
on specific cases (for instance GERM and LIVR for MDI, and HELO for SHAP-FI). This behavior is
consistent with the fact that global scores are computed from the trees themselves and capture how
often and how effectively features contribute to splits, which aligns well with our goal of focusing
the search on features that are most likely to resolve indeterminate predictions.

In contrast, local feature importance leads to smaller and more variable gains, and can even
slow down the search on some datasets (e.g., LIME on ADLT and COMP, or local SHAP on PIMA
and WINE). Local scores are estimated around individual instances and rely on sampling, which
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makes them more sensitive to noise, correlations between features, and the limited number of
indeterminate predictions. When the local estimates are not reliable enough to reflect which features
actually drive the CRF decisions, the induced ordering may push uninformative features toward the
top of the search tree, increasing the number of visited nodes instead of reducing it. This explains
why global feature importance tends to provide more robust acceleration across datasets.

7 Conclusion

In this article, we have proposed a framework where counterfactual examples are used to explain
indeterminate predictions made by a binary CRF. The generated counterfactual explanations aim
to address the questions of why a given input instance is classified indeterminately, and how
some feature values can be modified so as to achieve a determinate prediction. We have proposed
a branch-and-bound approach to search for the closest counterfactual examples and integrated
plausibility and actionability considerations into the process. To accelerate the generation of
counterfactual examples, we have proposed to use local and global feature importance measures to
determine important features and locate them at the bottom of the search tree.

By comparing our proposed method with several contenders, we have demonstrated its advan-
tages in terms of dissimilarity, sparsity, and plausibility of the generated counterfactual examples, at
a slightly higher—yet arguably perfectly reasonable—computational cost. These results are obtained
on tabular data using CRFs with axis-aligned trees, which induce box-shaped decision regions
and typically involve only a few decisive features, which makes the exact search tractable. The
LOF-based plausibility constraint further assumes that the training data provide a reasonable local
approximation of the underlying distribution, a condition that may be more challenging to satisfy
in very high-dimensional or sparse feature spaces.

In future work, we will study how to rely on explanations to make a diagnosis of the model and
possibly reduce the indeterminacy and increase the accuracy of CRFs. Another challenging open
problem is the extension of the current work to generating counterfactual examples associated
with indeterminate predictions in multi-class problems. Additionally, further optimizations of the
approach could be explored, for instance through advanced data structures or approximate search
strategies when the number of decisive features is large, as well as the efficient computation of
sets of diverse counterfactual examples, which will likely require adapting the branch-and-bound
procedure.

Data Availability

Data and code are available on https://github.com/Haifei-ZHANG/Explainable-Cautious-Random-
Forest.
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